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The electronic supplement shows the principle and formulae of a new finite 

element model.    

Suppose a region V  to be studied (Figure S1) is divided into two domains, 

which are denoted by IV  outside of faults and IIV  inside of faults，respectively. The 

boundary of the region consists of two portions, 1S  and 2S , with displacement u  

prescribed on 1S  and surface traction q  on 2S . In the standard finite element 

method, the formulation of the static equilibrium of the region is cast in its ‘weak’ 

form according to the principle of virtual work [Zienkiewicz and Taylor, 1986]: 
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          (S1) 

where u~  and ε~  (expressed as vectors) denote the virtual displacement and strain, 

respectively,  is density, g  is the gravitational acceleration, and 

T]00[ gγ  is the body force; the superscripts I and II denote the region 
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outside and inside the fault zone, respectively, and the superscript T denotes the 

matrix transpose.  

 

Figure S1. A sketch map to illustrate the new finite element model.  

Before an earthquake we denote the material matrix and the strain and stress 

(expressed by vectors) by I
0D , I

0ε  and I I I
0 0 0σ D ε  outside an fault, and by II

0D , II
0  

and II
0  inside the fault. After the earthquake, the material matrix outside the faults is 

not changed; the strain and stress become I I I
0  ε ε ε  and I I I

0σ D ε , respectively, 

where I  is the strain increments caused by the earthquake. Inside the faults, these 

parameters become, respectively, II II II
0 D D D , 

II II II
0  ε ε ε and II II IIσ D ε , 

where IID  denotes the reduction of the elastic parameters in modeling the 

earthquake. The inclusion of the changes in stress, strain and material property during 

earthquakes in the finite element modeling allows the evaluation of the evolution of 

stress and strain in a region during an earthquake sequence. The finite element 

formulation that includes these changes, as given below, is new. 
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Inserting I I I I I I
0 0 0( )   σ D ε D ε ε  and II II II II II II II

0 0( )( )    σ D ε D D ε ε  into 

Equation (S1) and rearrange terms, we have  
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  

       (S2)  

Since the body force and the boundary traction may be considered constant during the 

earthquake sequence, the right side of equation (S2) vanishes according to (S1) and 

we have 

I II I II 2

I T I I II T II II T I T II T
0 0 0 0( ) ( )

V V V V S
dV dV dV dV dS       ε D ε ε D ε u γ u γ u q         (S3) 

Thus Equation (S2) becomes 

I II II

I T I I II T II II II T II II
0 0( ) ( ) ( )

V V V
dV dV dV      ε D ε ε D ε ε D ε            (S4)  

Equations (S3) and (S4) are equivalent to 

2

T T T
0 0V V S

dV dV dS   ε D ε u γ u q                  (S5) 

       
II

T T II II
0V V

dV dV   ε D ε ε D ε                     (S6) 

where I IIV V V  , I
0 0D D  and I

0 0ε ε  and I
0D D  and I  ε ε outside the 

faults, II
0 0D D  and II

0 0ε ε  and IID D  and II  ε ε  inside the faults. Before 

the earthquake the initial fields (displacement, stress or strain) are solved from (S5). 

After an earthquake, the displacement change is solved from (S6) with the initial 

stress field from the strain field 0ε . The total displacement and stress fields after the 

earthquake are obtained from the superposition of the initial fields and their changes. 

Equations (S5) and (S6) are the theoretical framework of a new finite element 

model (NFEM) for studying earthquake triggering and stress transfer in a 

heterogeneous crust with multiple faults and initial stress field.   
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Suppose the region V is divided into m element outside the faults and n elements 

inside the faults. These elements construct a finite element system with p nodal 

points.  

Formulae (S5) and (S6) can be expressed by  
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The approximate displacement of u  at an arbitrary point ( , , )    inside an 

element e is interpolated from the approximate solutions eu  at the nodal points of 

the element; i.e., ( , , ) ( , , ) e     u H u , here, T
1 2( , , ) [ , , ... , ]ph h h   H I I I , 

and I is a 33  unit matrix, ( , , )i j j jh     is the interpolation function or the shape 

function of the i th node of the element, which satisfies the conditions 1
1




p

i
ih  where  

( , , ) 1i j j jh      if i = j , otherwise ( , , ) 0i j j jh     .  

Introducing the differential operator   1 2 3L L L L and an element 

assembling matrix Se which connects the nodal displacement vector of the element 

and the global nodal displacement vector U  of the finite element system [Cai, 1997], 

we have the nodal displacement vectors USu ee  . The strains in the element can be 

expressed in terms of the matrix eS as USBuBLuε ee ),,(),,(),,(   , 

here LHB   and,  T1 , 0, 0, 0, ,x z y      L ,   

 T2 0, , 0, , 0,y z x      L ,  T3 0, 0, , , , 0z y x      L . The 

virtual displacement ( , , )  u and strain ( , , )  ε in the element can also be 

approximated by its nodal virtual displacement as UHSuHu
~~~

ee  and 
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UBHSUBε
~~~

ee  . Inserting the approximate expressions of εu ~,~ and εu, into 

Formulae (S7) and (S8), we derive the finite element formulae to solve the global 

nodal displacement vector 0U  before the earthquake and the global displacement 

change U  induced by the earthquake as follows: 

                    000 FUK                                (S9) 

FUK                               (S10) 

where  
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

   F S B DBU .                     (S14)  

Equations (S9) and (S10) build up a new FEM to model the evolution of 

displacement and stress for studying earthquake triggering in the earthquake 

sequence. From Formula (S14), it can be seen that ΔF is dependent on both D  

and 0
eU , so U  in Formula (S10) is not only related to the changes of the 

material parameters D  but also to the initial displacement 0U  solved from 

Formula (S9). The total displacement field after the earthquake can be calculated 

by UUU  0 , which will be taken as the initial displacement field for the next 

earthquake. The stress in an element can be calculated by using the nodal 

displacements of the element, i.e., eee DBuDεσ  .  
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